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A stochastic formulation for the description of cooling-antisolvent mediated crystal growth processes based on the Fok-
ker-Planck equation is discussed. Previous results are further extended to include not only the additional degree of free-
dom (temperature) in the approach, but also to formulate the model parameters dependencies with the input
manipulated variables (antisolvent flow rate and temperature) toward a global model to be used within all possible
operating regimes. The obtained global models are used to define, for the first time, an operating map of the crystalliza-
tion process, where asymptotic isomean and isovariance curves are reported in an antisolvent flow-rate-temperature
plane. Input multiplicities are identified and validated both numerically and experimentally for the NaCl-water-ethanol
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Introduction

Antisolvent aided crystallization is an advantageous sepa-
ration technique when the solute is highly soluble or heat
sensitive. The driving force in crystal formation is the super-
saturation that establishes the thermodynamic equilibrium for
the solid-liquid separation. The main technologies used to
obtain the super-saturation are cooling of the solution and
antisolvent addition, and a proper combination of them could
improve the quality of the product, as recently demonstrated
for few systems.'? The organic systems, paracetamol and
acetyl-salicylic acid, used in the aforementioned two articles
have solubilities that change significantly with temperature,
therefore, to incorporate cooling with antisolvent crystalliza-
tion can significantly increase crystallization yield. It has
also been shown recently3 that even for systems with solubil-
ity weakly dependent on temperature; it is possible to impart
significantly improved control over both the distribution
mean size and coefficient of variation by manipulating tem-
perature together with antisolvent feed rate. This strategy
would allow us to add a second degree of freedom (cooling)
to be used to control the crystallization process.

The control of the crystal size and the crystal size distribu-
tion is an important and challenging problem and several
factors can affect the size and the widening of the size distri-
bution. The development of effective mathematical models
describing the crystal growth dynamics is, therefore, a
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crucial issue toward finding the optimal process performance
and to control the crystal size and distribution. Antisolvent
crystallization has been modeled for many systems using the
traditional population balance modeling approach.‘t_9 As an
alternative, it was recently shown'®!' that it is possible to
describe a crystallization process by means of a stochastic
approach, which allows the obtainment of the crystal size
distribution (CSD) evolution with respect to time using the
Fokker-Planck equation. Furthermore, this type of represen-
tation leads to simpler models and allow for the analytical
solution to describe the CSD over time in antisolvent crystal-
lization operations in the case of linear growth term'' and in
asymptotic CSD for nonlinear growth term.'? However, the
Fokker-Planck-based model does not have an explicit
dependency of the control input (i.e., antisolvent flow rate),
and/or the temperature, although these variables do affect the
process parameters. In order to use the model over the whole
operating range, linear piece-wise interpolation approaches
have been so far exploited'®'* as a function of a single
input (antisolvent flow rate). Even though effective results
were obtained, the use of linear interpolation can be difficult
to use when a continuous input-output relationship is
required, as in case of model-based control algorithms. Fur-
thermore, when temperature dependency is incorporated, a
typical experimental campaign with three temperature levels
and three antisolvent flow rate values requires the implicit
estimation of 27 different parameter values.

In order to use the model over the whole operational range
proper relationships between the parameters of the model
and the two process variables, namely antisolvent flow rate
and temperature, has to be developed. Consequently, in this
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work, we further extend previous results, in the Fokker-
Planck modeling approach, to include not only the additional
degree of freedom (temperature) in the formulation, but also
to formulate the model parameters dependencies with the
input manipulated variables (antisolvent flow rate and tem-
perature) toward a global model to be used within all possi-
ble operating regimes. In the proposed formulation, the
input-parameter models should have simple linear or quad-
ratic dependences, while the cross term dependence on tem-
perature and antisolvent flow rate should be avoided, leading
to a significant reduction with respect to the piece-wise lin-
earization approach. The Akaike information criteria (AIC)
measure has been used for the selection of the best input-
output model.

Furthermore, as an additional novelty, the obtained global
models are used to define an operating map of the crystalli-
zation process, where asymptotic isomean and isovariance
curves are reported in an antisolvent flow-rate-temperature
plane. In our formulation, the asymptotic CSD for the map
construction can be analytically obtained using the reported
analytical expressions for the asymptotic solution arising
from the Fokker-Planck representation.12 This procedure
leads to find out that the same distribution, in terms of the
first two moments, can be obtained at different operating
conditions, thus, implying an input multiplicity of the sys-
tem, which is consistent with the opposite effects that anti-
solvent flow rate and temperature have on the crystallization
process. The input multiplicity obtained by solving the
model have also been validated experimentally, by conduct-
ing additional set of experiments, thus, confirming the
behavior predicted by the model and the effectiveness of the
operational map.

Results are provided through investigations in the noniso-
thermal antisolvent crystallization of sodium chloride
(NaCl), the solubility of which is practically independent of
temperature. An antisolvent feed-rate-dependent crystalliza-
tion model is developed and validated for the nonisothermal
operation of NaCl-water-ethanol antisolvent crystallization
system.

The article is organized as follows. The section Experi-
mental Work fully describes the setup of the experimental
rig and the procedure. The Stochastic Modeling Approach
section is a short description of the stochastic approach for
crystal size distribution, followed by the parameter estima-
tion problem formulation. In the Stochastic Global Model
section, the formulation of alternative global models is
described and the proposed dependencies of the model
parameters with the input manipulated variables are intro-
duced. The section Operational Maps reported asymptotic
isomean and isovariance curves, in an antisolvent flow-rate-
temperature plane, and finally Conclusions.

Experimental Work

The experiments were performed in a bench-scale crystal-
lizer, where only purified water, reagent grade sodium chlo-
ride (99.5%) and ethanol, 190 proof, were used. The
experimental setup and procedure are described as follows.

Experimental setup

The experimental rig is comprised of a one liter jacketed
reactor connected to a Thermo Scientific® cooling/heating
bath circulator that provides to keep constant the temperature
inside the reactor by an embedded PID controller and a
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thermocouple wired inside the reactor. The antisolvent is
added using a Masterflex® peristaltic pump calibrated for
each experiment. The crystal size distribution is determined
from the images of the samples taken from the reactor using
a digital camera mounted in a stereomicroscope and then
processed by means of sizing computer software
(Amscope®).

Experimental procedure

At the startup condition, the crystallizer is loaded with an
aqueous solution of NaCl made up of 34 g of NaCl dissolved
in 100 g of water. The temperature is kept constant through-
out the run, using three different values for the temperature,
respectively, 10°C (hereafter referred to as low temperature:
LT), 20°C (medium temperature: MT), and 30°C (high tem-
perature: HT). The ethanol was added to the aqueous NaCl
solution using a calibrated peristaltic pump. Three different
antisolvent flow rates were implemented: ¢ =0.7 mL/min
(hereafter referred as low feed rate: LFR), ¢ = 1.5 mL/min
(medium feed rate: MFR) and ¢ =3.0 mL/min (high-feed
rate: HFR). Thus, a full factorial experimental design of nine
experiments was performed. Along the operation, 8 mL sam-
ples were taken in an infrequent fashion. Samples were then
vacuum-filtered over filter paper and then dried in an oven,
at least for 24 h, with a constant temperature of 50°C for
further visual inspection.10

Crystal size measurement

Crystal size measurement has been accomplished by
means of a light microscopy. A stereo light microscope
(Wild-Heerbrugg, Switzerland) was used and connected to a
digital camera (Amscope Model MD500, USA). Several
images were taken with the camera for each sample and ana-
lyzed using the AmScope software (iScope, USA). The soft-
ware allows for the measurement of the length or area of
particular crystals in units of pixels. Using a supplied cali-
bration slide, these lengths and areas can be converted to a
micron length-scale. The number of crystals measured varied
for each sample and was fixed by a stabilization criterion of
*2.5% of the mean.

Stochastic Modeling Approach

The crystallization process has been modeled using the
approaches proposed previously,'®!*!'* where the growth of
crystal size L is assumed to be governed by a deterministic
and a stochastic term

dL
& =Lg(L;0)+Ln(1) )

In Eq. 1 g(L;0) represents the deterministic contribution to
the growth rate of L, 0 is the vector parameter defined in the
model, Ly(f) is the a random component linearly depending
on crystal size and #(¢) is the Langevin force. It is further
assumed that

Eln(1)]=0
Eln(tn(1)]=2A8(1—) @)

where A is the intensity of the Langevin force, which has
been assumed as constant and equal to VD, with D being
the diffusivity parameter. Dividing both terms of Eq.1 by L,
the Langevin equation becomes
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Table 1. Expressions used to Describe the Growth Process,
where i =1, 2, 0, = (ry, K;) and 0, = (5, K>)

Model 1 Model 2
s(:8) (14 n(1-¢)
dy
Fn =g(y;0)+n(7) 3)

where y is defined as y =1n L.

Regarding the selection of the deterministic model g(y;0),
one should adopt a structure as simple as possible, while pre-
serving the main features expected by a growth process. In
this work, a logistic equation10 and a Gompertz model'" are
assumed for describing the growth term (Table 1), which
hereafter will be generally indicated with g(y;0;) and i=1
will denote the logistic model, Model 1, whereas i =2 the
Gompertz model, Model 2.

The probability density function (PDF) related to the y
random variable can then be described by the following Fok-
ker-Planck equation'’

2
(91//((9};7 0 _p0 l(/;g 0 _ a% 20y, 1 000 (v, )]

t>0,yeR

“)

where g(y;0;) can assume one of the two expressions
reported in Table 1, and the initial condition for ¢ =1y is
assumed as a normal distribution'!

lp(yvto)::

1 exp|— (y_.u())z (5)
ooV27 20'(2)

where py and o, are, respectively, the initial mean size of
crystals (logarithmic scale) and the standard deviation at
t =ty. It is worth noticing that the FPE could be considered
as an alternative way to develop a population balance,' tak-
ing into account the natural fluctuations present in the popu-
lation in any system, and allowing describing, in a compact
form, the population dynamics.

When the Model 1 is considered the analytical solution of
Eq. 4 is not available; therefore, the crystal size distribution
(CSD) is obtained by numerical integration. Conversely,
when the growth term is described by the linear expression,
the PDF will preserve its Gaussian shape at any time'?, thus,
the distribution is described by its first two moments, the
mean p, and the variance a2

Y(y,0)=N(u(r), (1)) (6)

The first moment then follows the deterministic Gompertz
equation (in logarithmic scale), and, therefore, the analytical
solution is possible and given by'!

,u(r):Kz{l— (1—[/;—2)exp [—[%(z—zo)]} %)

The dynamics of the second moment is described by the
following differential equation'®
da? ()

i =2D,—2Ad"(1) ®)

where A is the coefficient of the state variable of the system,

equal to —1'('—22, and ¢ is the variance. Thus, the analytical
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solution for the time evolution of the variance o>(r) is

given by
DyK, P
1- —2—(t—t
s ( exp{ Kz( O)D

C))

2 (t)=2exp {—22 (t—to)} +
K>

The three parameters (r;, K;, D;), with i =1, 2, of the con-
sidered models depend on the crystallizer conditions, which
in the case of nonisothermal antisolvent crystallization are
the antisolvent flow rate and temperature.

It is worth noticing that the first two moments of the dis-
tribution W(y,r) for Model 1 and 2 can then be evaluated, in
the linear scale, as

(0= Lt naL=exp [uy<r>+%ﬂ (10)
0

o0

(0= (L= (L DL =ex 20, 1) 03 0] (exof30)] 1)
0

an

Parameter Estimation

Parameters estimation for the FPE describing the crystal
growth for both linear and nonlinear models (Table 1) has
been first carried out separately for every operating condi-
tion. In particular, experimental data obtained by the full fac-
torial experimental design of nine runs have been used (see
Experimental Work section).

The 0; vector of parameters (where i =1, 2) have been
obtained by means of the maximum likelihood estimation
approach. In particular, the parameters are inferred by max-
imizing the log-likelihood function considering all the n,
experimental data collected at different operating
conditions:

ne  ng Njk

L0, s) =0 [T G 650): 0= b (s ()

n= E E nj
k=1j=1
12)

where y,, is the value in logarithmic scale of the m-th exper-
imental observation for the crystal size (m =1, ..., n), n. is
the number of experimental runs carried out varying input
parameters, ny is the number of sampling time, njj is the
number of crystal size measurements collected at time . It
is worth noting that when Model 1 is assumed, the parameter
estimation is performed using the PDF ¥(y,r) obtained by
numerical integration of (4). In the linear model case, ¥(y,f)
is a Gaussian distribution with mean and variance calculated
by means of Eqs. 7 and 9.

Table 2 reports the point estimations for the model param-
eters for both Model 1 and Model 2. The following behavior
can be appreciated, which sounds from a physical point of
view (1) r; increases with antisolvent flow rate and decreases
with temperature, (2) K; decreases with antisolvent flow rate
and increases with temperature and (3) D; increases with
antisolvent flow rate and decreases with temperature.
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Table 2. Model Parameters Calculated at Different Operat-
ing Conditions for Logistic (Model 1) and Linear (Model 2)

Table 3. Values of the Model Parameters Describing the De-
pendence of (r, K, D) on Antisolvent Flow Rate and

Crystal Growth Law Temperature

Model 1 Model 2 Coefficient Model 1 Model 2
r 10°C 20°C 30°C 10°C 20°C 30°C Vis0r 0.5264 5.7639
0.7 ml/min  1.0646 1.5700 0.7312 4.278 6938  2.992 Yitr 0.5983 2.8342
1.5 ml/min  1.9343 14029 1.1030 8.837 6.117 5.294 Viar —6.4588 10°* —0.1584
3.0 ml/min 32860 3.4428 1.9420 13.757 14.122 8.629 Vi.0K 49176 4.8593
K 10°C 20°C 30°C 10°C 20°C 30°C VidK —0.0238 —0.0244
0.7 ml/min  4.9303 4.9501 5.0713 4.899 4.897  5.046 Vi2K 1.7139 10~ 20107
1.5 ml/min  4.8583 4.9298 5.0489 4.816 4900 5.011 71,0 0.2134 0.3864
3.0 ml/min 47095 4.7656 4.8659 4.661 4725  4.835 ViAD 0.0277 0.0287
D 10°C 20°C 30°C 10°C 20°C 30°C Vi2D —0.0019 —0.0094

0.7 ml/min  0.1957 03992 0.1270 0.181 0399  0.112
1.5 m/min 03732 0.2163 0.1713 0.371 0208  0.179
3.0 ml/min 0.7186 0.6735 0.2912 0.699  0.626  0.281

In fact, increasing antisolvent flow rate leads to higher
nucleation rates (r increases), but reduces the average
asymptotic crystal size (K decreases). Temperature has an
opposite effect as already discussed® in the nonisothermal
antisolvent crystallization of sodium chloride (NaCl). Higher
values of temperature, decreases r and reduces the driven
force for nucleation and favors crystal growth (K increases).
The operating conditions that favor nucleation determine a
higher dispersion of the PSD, and this aspect has been cor-
rectly reconstructed by the behavior of coefficient D.

Stochastic Global Model

As discussed previously in the Introduction, the proposed
crystallization models based on FPE do not have an explicit
dependency from operating conditions. In order to use the
model over the whole operating range, linear piece-wise
interpolation approaches have been so far exploitedlo_12 for
the isothermal operation (single input manipulated variable).

However, for the nonisothermal condition, a typical exper-
imental campaign with three temperature levels and three
antisolvent flow rate values requires the implicit estimation
of 27 different parameter values if piece-wise linear interpo-
lation is used. Furthermore, although effective results were
obtained, the use of linear interpolation can be difficult to
use when a continuous input-output relationship is required,
as in case of model-based control algorithms.

In this work, the FPE is generalized in order to take into
account an explicit dependence of the stochastic model
parameters on input variables m = (¢, T)

N (y.1) (v, 1)

WD) () S22

6 .
ot 3y 8—y¢(y,t)g(y;0i(m))z=1,2 (13)

The main goal is to find simple and parsimonious models
that can describe the variation of the vector parameter 0;
with ¢ and T, coherently with the behavior obtained for the
point estimation reported in the previous paragraph. From
the inspection of the results in Table 2 and considering the

180 g =0.7ml/min& T =10°C qg=07mlmin& T =20°C g = 0.7mlmin & T = 30 °C
160
E 140
€120 - ]
= 100 - @ oxp. @ coxp. | @ exp
= = Model | — — Model I —— Model |
20 —— Model2 —— Model2 Model 2
180 g =1.5mlimin & T = 10 °C g = 1.5 mlfmin & T = 20 °C g = 1.5 mifmin & T = 30 °C l
60+ A4 ===
5140 )
€120 |
= 100 @ exp. @ exp. @ op
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80 - —— Model 2 = Model 2 Model 2
180 - g =3.0mlmin & T = 10 °C g =3.0mlmin& T =20 °C g =3.0mlmin & T = 30 °C
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Figure 1. Mean size evolution of the nine experimental runs considered: (dash line) Model 1; (solid line) Model 2;

(circle) experimental values.
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Figure 2. Antisolvent flow rate (a) and temperature,
and (b) trajectory used for the validation run.

experimental error, it is possible to hypothesize that the
model parameters can have a nonlinear or weak nonlinear
dependence on inputs. From the aforementioned considera-
tions, the proposed input-parameter models are required sat-
isfy the following conditions: (1) simple linear or quadratic
dependences have been preferred to describe the input-
parameter relationships, and (2) the cross term dependence
on T and ¢ should be avoided. Despite these simplifications,
each parameter may depend on several combinations of T
and ¢, thus, leading to a number of alternative models. In
this work, the following general expression for the parameter
dependencies have been considered

Ti (q7 T) = yi,Or + Vi.quar + yi,ZI‘TbF
Ki(g, T):Vi,OK"‘“/LIanK+Vi,2KTbK i=1,2 (14)
Di(q,T)=7;0p+ 719" + 120 T

where a, and b, can be equal to 1 or 2 for v=r, K, D. In
this way, the functions obtained to correlate the vectors 0;
with the manipulated variables ¢ and T have nine parame-
ters, leading to a significant reduction with respect to the
piece-wise linearization approach. The I' vector of 7v;,, pa-
rameters (where u =0, 1, 2 and v=r, K, D) have been again
obtained by means of the a maximum likelihood estimation
approach (c.f., Eq. 12).

The detection of the most suited model among the possi-
ble alternatives that depends on the functionality of ¢ and T
has been performed coupling a quantitative and qualitative
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analysis of the results. The former issue has been assessed
exploiting the Akaike information criterion (AIC) measure,
which considers the maximum likelihood fitting of each
model and each set of exponents. The qualitative evaluation
has been based on the ability of the model to represent the
multiplicity of the asymptotic conditions, according to the
behavior of K parameter. The models satisfying the consid-
ered criteria for both nonlinear (Model 1) and linear (Model
2) crystal growth expressions are given by

180
160 -
T 140 1
3
; 120 -
by
100 @ exp.
— == Model |
801 Model 2
60 .
0 | 2 3 4 5 6 7 8
Time [h]
0.012 — X,
——— Model 2
0.008
) Time=0.5h
0.006
0.004
0.002
0.000
0.012 — CX].
=== Model I
01
0010 = Model 2
~ 0.008
= Time=2.0h
= 0.006
0.004
0.002
0.000 *
0.012 — exp.
0.010 ——— MOdE] 1
——— Model 2
0.008
) Time=8.0h
5 0.006
0.004
0.002
0.000
0 100 200 300 400

L [pm]

Figure 3. Validation results obtained in terms of
mean sizes (top diagram) and CSDs (plots
at the bottom): (dash line) Model 1; (solid
line) Model 2; (circle/bar) experimental
data.
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Figure 4. Isomeans/isovariances map, logarithmic scale, reported in function of T and q, for the Model 2: (dash

line) mean; (solid line) variance.

(¢, T)=Yior t7i1rq+ Vi T
Ki(q, T)=;0x 71k @* Tk T2 i=1,2 (15)
Di(q,T)=i0p +7iip 4" T 7ion T

The coefficients of expressions (15) are reported in Table
3, where it is possible to verify that the behavior shown by
the parameter obtained performing the estimation for every
operating condition are maintained by the proposed models.
For example, the negative sign of y;;x is explainable with
the fact that increasing antisolvent flow rate makes the
asymptotic crystal size to decrease (high ¢ values favor
nucleation with respect to crystal growth). The same

30

25

=40

unfavorable effect of temperature on crystal growth rate (r;),
and dispersion (D;), is correctly described being 7y;,, and
Yi2p hegative.

The capability of the proposed global model to properly
describe the crystallization system is shown in Figure 1,
which reports the experimental mean crystal size behavior
collected during the nine runs described on the Experimental
Work section, and the value calculated by solving FPE (13):
numerically when using Model 1 (dash line) and analytically
for Model 2 (solid line). The match between calculated py (¢)
and experimental values is excellent for both models, indi-
cating that Egs. 15 correctly approximate the input-parameter
relationships.

1 |

10

w
W

2 225 2.

q [mi/min]
Figure 5. Isomeans/isovariances map, linear scale, using Model 2: (dash line) mean; (solid line) variance.

The circle is indicating the validation run.
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Figure 6. Comparison between computed (Model 2)
and the experimental values in the multiplic-
ity point: (solid line/red circle) run at 2.25
mL/min and 20°C; (dash line/gray circle) run
at 3.0 mL/min and 30°C.

The obtained global models have been also validated con-
sidering the antisolvent flow rate and temperature trajectory
reported in Figure 2. The results in terms of mean crystal
size evolution are reported in the top of Figure 3, where the
comparison with the experimental data indicates that both
Model 1 (dashed line) and Model 2 (solid line) again have
excellent prediction capabilities, during the nonisothermal
operation of the system. The obtained models are also excel-
lent predictors of the crystal size distribution, as shown again
in Figure 3, where the time evolution of the experimental
and calculated CSD is reported at different sampling time.

It is worth noticing that the results obtained with linear
and nonlinear growth rate are very close both considering
the mean crystal size behavior and the CSD. This implies
that assumption of linearity allows to a very good description
of the considered system and could offer a more practical
tool with respect to the nonlinear model, when model-based
optimal controller wants to be developed.

Operational Map

The obtained global models can be used to define the
operating conditions of the crystallization process, leading to
the desired mean and variance of the crystal size distribution.
In order to have a functioning tool for designing the proper
crystallization runs, a map can be constructed where asymp-
totic isomean and isovariance curves are reported in an anti-
solvent flow-rate-temperature plane. In this case, the
asymptotic CSD for the map construction can be analytically
obtained also for Model 1, using the approach reported in
Tronci et al.'? which leads to the following expression for
the stationary solution of Eq. 13

y
V1 (y)=Nsiexp Jg(évol)dC Nsi=+—% l
0 J exp Jg(C;Ql)dC dy

—00 0

(16)

In particular, the stationary solution for Model 1 is
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. 2 3
¥ (y)=Nsiexp [;—11 (yi - 3y_K1)}

Nsi=—— (17)
2 3
nofy Yy
(-2 )4
J exp{Dl (2 3K1)] Y
—00

The stationary CSD for Model 2 is easily obtained from a
Gaussian distribution with mean equal to K, and variance
equal to K>D»/r; (see Egs. 7 and 9)

1 (x—K>)?

l102(.))): _§K2D2/r2

(18)

1
—F——€Xp
\/ 27‘[K2D2/I’2

For sake of brevity, only the map for Model 2 (linear
growth rate) has been reported at different operating
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0.004 -
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0.000 ~==
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0.012 ~
0.010 -
0.008 -
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0.000 -

YLt

i)

0.016 | wmmm exp. @ 225mimin &20°C ~ Time = 6.0'h
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0.012 == Model 2@ 3.0 mV/min & 30 °C

0.010 4
0.008 -
0.006
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0.002 4

0.000 -
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Figure 7. CSDs at the multiplicity points at different
time steps: (solid line/red bar) run at 2.25
mL/min and 20°C; (dash line/gray bar) run at
3.0 mL/min and 30°C.

DOI 10.1002/aic 2849



conditions. As demonstrated in the previous paragraph, the
behavior of the two models are almost overlapping, there-
fore, the results reported in Figure 4 are representative of
both linear and nonlinear case.

By inspection of Figure 4 it is interesting to note that iso-
variance curves may intersect isomean curves in two points,
therefore, the same distribution in terms of the first two
moments can be obtained at different operating conditions.
Considering Figure 4, a CSD with mean crystal size (loga-
rithmic scale) equal to 4.818 and variance equal to 0.184 is
attained at (¢, T) = (2.25, ~21.0) and (g, T) = (3.0, 30). This
result implies some kind of input multiplicity of the system,
which is coherent with the opposite effects that antisolvent
flow rate and temperature have on the crystallization process:
high asymptotic crystal size can be reached with low ¢ and
high 7, but the same result can be obtained increasing q and,
at the same time, decreasing 7. Figure 4 has been also repre-
sented in linear scale in Figure 5, accordingly to the nonlin-
ear transformation Eqs. 10 and 11.

To corroborate these findings and confirm the goodness of the
selected model, an additional experiment was conducted at
¢ =225 mL/min and T = 20°C (indicated with a circle in Figure
5). The multiplicity of the considered crystallization system with
respect to inputs can now be verified by considering the time evo-
lution of the experimental mean crystal size at (¢, T) = (3.0 mL/
min, 30°C) and (¢, 7) = (2.25 mL/min, 20°C), and compared
with the results predicted by Model 2 (see Figure 6).

As can be seen in Figure 6, each mean size profile takes a
slightly different path to reach the same final value (within
the tolerance error associated with the crystal size measure-
ment). At the beginning of the process, higher temperature
and antisolvent flow rate speed up the crystallization process,
therefore, the mean crystal size is higher with respect to the
values obtained at lower ¢ and T. This behavior is also rep-
resented by the models, which have different initial condi-
tions. As time elapses, the values predicted by the two
models at different operating conditions converge, as well as
the experimental mean crystals size values, as expected con-
sidering the isomean and isovariance map.

The input multiplicity can be also verified by looking at
the experimental and calculated CSD at different sampling
time (Figure 7). Again, there is a slight mismatch at the
beginning sampling times, but the asymptotic values pre-
dicted by the map are confirmed at the end of batch (time-
= 5-6 h), where there is a significant overlapping between
the histograms of the crystal size obtained at (g,
T)=(2.25 mL/min, 20°C) and at (¢, T7)=(3.0 mL/min,
30°C). There is also a perfect match between the two mod-
els, evidencing that linear assumption does not worsen the
description of the considered system. This fact is important
because a linear convective term in the FPE allows solving
analytically the Fokker-Planck equation, giving an effec-
tive tool for online optimization and model-based control
of the process.

Conclusions

The crystallization aided antisolvent process has been here
described by means of the Fokker-Planck approach, including
the dependencies on the manipulated inputs, which are the
antisolvent flow rate and temperature, and considering both
nonlinear and linear crystal growth rate. The model parame-
ters, which comprises the deterministic growth rate constants
and the diffusivity (related to the stochastic component of the
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model) have been obtained as a function of process inputs
guaranteeing simplicity of the global model, while preserving
the physical consistency of the results. It has been further
demonstrated that excellent results can be obtained both with
nonlinear and linear crystal growth model, by the comparison
of the predicted crystal size distributions and the experimental
ones. This aspect is of great importance, because the presence
of a linear term in the partial differential equation describing
the time evolution of the CSD allows for the analytical solu-
tion, giving an effective tool for developing process optimiza-
tion and model-based control strategies.

The obtained model has been also used for the construc-
tion of operative maps, where the first two moments of the
predicted CSD have been plotted with respect to the operat-
ing conditions. These results have been represented as iso-
mean/isovariance maps with respect to antisolvent flow rate
and temperature. This representation allows finding that the
considered system may show input multiplicity, in the under-
standing that the same CSD, in terms of mean and variance,
can be obtained at different input values. The results have
been experimentally validated and applied to both nonlinear
and linear crystal growth rate.
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Notation

a = generic exponent for the antisolvent feed rate functionality

A = coefficient of the Ricatti equation, h!

b = generic exponent for the temperature functionality

D = diffusivity or pseudo-diffusivity constant for the FPE

D; = diffusivity constant for the ith model, with i =1, 2

D;(m) = diffusivity constant for the FPE as a function of the vector
variables m
¢ = deterministic model used for the drift term of the FPE

K; = asymptotic dimension of crystals in logarithmic scale for the
ith model, with i=1,2
Ki(q,T) = asymptotic dimension of crystals in logarithmic scale for the
ith model, with i =1, 2 as a function of ¢ and T
L = characteristic dimension of crystals, um
m = vector of manipulated variables ¢ and T
n, = total number of crystal size measurements
Ng; = normalization constant for the steady state FPE, for the
model 1
g = antisolvent federate, mL/min

r; = deterministic growth rate for the ith model, with i =1, 2, h!
ri(q,T) = deterministic growth rate for the ith model, with i=1, 2 as a
function of ¢ and T, h™'
t = time variable, h
¢ = perturbative time, h
to = initial time for the integration of the FPE, corresponding to
the first experimental sample taken, h
T = temperature of the system, °C
y = characteristic dimension of crystals in logarithmic scale (In L)
ym = measured characteristic dimension of crystals in logarithmic
scale

Greek letters

Vi~ = function coefficients for the parameter r, for the ith model
withi=1,2and j=0, 1,2

Yijx = function coefficients for the parameter K, for the ith model
withi=1,2and j=0, 1,2

vijp = function coefficients for the parameter D, for the ith model
withi=1,2and j=0, 1,2
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I' = vector of parameters y;j,, withi=1, 2, j=0, 1, 2 and k=7,
K, D
0 = delta of Dirac
n = white noise
0 = vector of parameters
0,(m) = vector of parameters for the ith model, with i =1, 2 as a func-
tion of the vector m
A = white noise noise intensity
1 = mean size of crystals in logarithmic scale
1o = mean size of crystals in logarithmic scale, evaluated at ¢ = t,
1(t) = time evolution function of the mean size of crystals in linear
scale
0o = standard deviation of crystals in logarithmic scale, evaluated at
=1y
6% = variance of crystals in logarithmic scale, evaluated at 7 = 1,
6 = variance of crystals in logarithmic scale
6%(f) = time evolution function of the variance of crystals in logarith-
mic scale
W.(y) = dependent variable of the FPE for the ith model, with i=1, 2
W(y,r) = dependent variable of the FPE
Y(y,tp) = dependent variable of the FPE evaluated at 1 = f,
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